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Summary We consider a lag-augmented two- or three-stage least-squares estimator for a

structural dynamic model of non-stationary and possibly cointegrated variables without the

prior knowledge of unit roots or rank of cointegration. We show that the conventional two-

and three-stage least-squares estimators are consistent but contain non-standard distributions

without the strict exogeneity assumption; hence the conventional Wald type test statistics may

not be chi-square distributed. We propose a lag order augmented two- or three-stage least-

squares estimator that is consistent and asymptotically normally distributed. Limited Monte

Carlo studies are conducted to shed light on the finite sample properties of various estimators.
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1. INTRODUCTION

In this paper, we will consider the estimation of structural vector autoregressive models (SVAR)
where there are possibly some unit roots and some cointegrating relations. The model is similar in
spirit to the Cowles Commission structural equation specification in which each equation describes
a behavioural or technological relation. However, unlike in Hsiao (1997a,b) in which strictly
exogenous linearly independent I(1) variables are assumed to be the driving force of the system,
here, no exogeneity assumption has been imposed on any of the variables. In addition, our model
does not assume prior knowledge of the direction of non-stationarity, the cointegrating relations, or
rank of cointegration. The model is different from the reduced form VAR considered by Johansen
(1988, 1991), Phillips (1995), Sims, Stock and Watson (1990), Toda and Yamamoto (1995) or
Tsay and Tiao (1990) in that we allow more than one current variables to appear in each equation.
It is also different from the currently popular approach of formulating a structural model in terms
of the dynamic response to structural shocks in which the identification of a model is achieved
through (i) the imposition of cointegration restrictions that impose constraints on the long-run
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multipliers to identify the long-run components of the shocks, (ii) assuming the innovations in the
permanent components being uncorrelated with the innovations in the transitory components and
(iii) the normalization conditions that decompose the components of permanent shocks (e.g. King
et al. 1991). Since SVAR has been well established in the current literature for the approach
that identifies the structural coefficients by placing restrictions on some of the contemporaneous
coefficients and on the structure of the contemporaneous covariance matrix in a dynamic linear
model, to avoid confusion we will follow a referee’s suggestion to call our approach the structural
dynamic model approach (SDM).

The SDM approach identifies the structural coefficients by placing restrictions on the
coefficients on current and lagged variables in a dynamic model (e.g. see Lemma 1 in Section 2).
The goal of interest is to identify behavioural relationships. It could also be to examine the
contemporaneous and dynamic interactions among the joint dependent variables and to derive
a dynamic-multiplier which could be the path of the effect of a change in a policy variable. On
the other hand, the SVAR places restrictions with direct economic interpretation on the error
terms (e.g. Blanchard and Quah 1989). The goal of interest is usually a structural impulse-
response function which is the path of the effect of an unexpected change to an endogenous
variables. However, there is a close relationship between the two. As pointed out by a referee, any
identification condition of a SVAR can be obtained from some identification condition of a SDM.
It is also possible to derive a structural impulse-response function from a SDM using the formula
of Lütkepohl (2005). However, if the shocks are not identically distributed, it will be difficult to
interpret the structural impulse-response function but the identification and estimation of a SDM
would not be affected.

Phillips and Durlauf (1986) and Stock (1987) have shown that the least-squares estimator
with integrated regressors remains consistent when the regressors and errors of the equations are
correlated provided that the integrated regressors are not cointegrated. However, in a dynamic
framework, even though regressors may be I(1), the current and lagged variables are trivially
cointegrated. Therefore, the least-squares estimator is not consistent (e.g. Hsiao 1997b). While
the two- and three-stage least-squares estimators are consistent, their limiting distributions are
functions of unit root distribution (Hsiao and Wang 2006). Hence, the Wald test statistics may not
be asymptotically chi-square distributed.

Hsiao and Wang (2006), generalizing the approach of Kitamura and Phillips (1997) and
Phillips (1995), propose two modified 2SLS estimators that are asymptotically normally or mixed
normally distributed. Unfortunately, the limited Monte Carlo studies show that such estimators
do not perform well in finite samples. In this paper, we propose a lag-augmented 2SLS or 3SLS
estimator based on the lag augmentation idea of Toda and Yamamoto (1995) for estimating a
reduced form VAR model (also see Dolado and Lütkepohl 1996). The limited Monte Carlos appear
to indicate that the lag-augmented 2SLS and 3SLS estimators, besides being computationally
simpler, outperform the two modified estimators proposed by Hsiao and Wang (2006).

In Section 2, we set up the basic model. Section 3 gives the condition that the test statistics
constructed by 2SLS or 3SLS estimator remain asymptotically chi-square distributed despite the
fact that some estimated coefficients have non-standard limiting distribution. However, since these
conditions require very strong prior information, in Section 4 we suggest a lag order augmented
2SLS (LA2SLS) or 3SLS (LA3SLS) estimator that is asymptotically normally distributed.
Section 5 provides some Monte Carlo simulation comparisons of OLS, 2SLS, 3SLS, LA2SLS
and LA3SLS estimators as well as the modified estimators suggested by Hsiao and Wang (2006)
that have the desirable asymptotic properties of being normally and mixed normally distributed.
Conclusions are given in Section 6.
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2. THE MODEL

Let w
˜

t be an m × 1 vector of random variables that can be represented by the following pth order
autoregressive model:1

A(L)w
˜

t = ε
˜

t , t = 1, . . . , T , (1)

where A(L) = A0 + A1L + · · · + ApLp is a pth order matrix polynomial of the lag operator L.
We assume that

A1: A0 is non-singular.
A2: The roots of |A(L)| = 0 are either 1 or outside the unit circle.
A3: The m × 1 error vector ε

˜
t is independently, identically distributed (i.i.d.) with zero mean,

non-singular covariance matrix
∑

εε and finite fourth cumulants.

Since we are interested in the asymptotic properties of the estimators of (1), for ease of
exposition, we will also assume that the initial values, w

˜
0, w

˜
−1, . . . , w

˜
−p+1 are given.

Let A = [A0, A1, . . . , A p] and define a (p + 1)m-dimensional non-singular matrix M̃ as

M̃ =

⎡⎢⎢⎢⎢⎢⎢⎣

Im Im . . . Im

0
˜

Im . . . Im

0
˜

0
˜

. . . Im

. . . . . . . . .

0
˜

. . . 0
˜

Im

⎤⎥⎥⎥⎥⎥⎥⎦ . (2)

Transforming (1) into an error-correction representation, we have

p−1∑
j=0

A∗
j�w

˜
t− j + A∗

pw˜
t−p = ε

˜
t , (3)

where � = (1 − L), A∗
j = ∑ j

�=0 A�, j = 0, 1, . . . , p. Let A∗ = [A∗
1, . . . , A∗

p] = [ Ã∗
1, A∗

p], then

A∗ = AM̃ . The coefficient matrices Ã∗
1 and A∗

p provide the implied short-run dynamics and
long-run relations of the system (1) as defined in Hsiao (2001).

Model (1) is different from the conventional VAR model of Johansen (1988, 1991), Phillips
(1995), Sims (1980), Sims et al. (1990), Tsay and Tiao (1990), etc. in that A0 is not an m-rowed
identity matrix I m .2 In other words, more than one current variables can appear in an equation. It
can be viewed as a Cowles Commission structural equation model without the strict exogeneity
assumption on any element of w

˜
t (e.g. Koopmans et al. 1950; Hsiao 1997a). Multiplying A−1

0 to
(1) yields the conventional VAR which may be viewed as a reduced form representation of (1).

In this paper, we are concerned with statistical inference of (1). If the roots of |A(L)| = 0
are all outside the unit circle, w

˜
t is stationary. It is well known that the least-squares estimator

1One may incorporate time trends in (1) by treating w t as deviations from the trends or add intercepts and time trends
as additional terms to the left-hand side of (1). The limiting distributions of the intercepts and trends coefficients can be
found in Hsiao and Wang (2006).

2Using the idea of indirect least squares, one can recover A from the reduced form estimates based on the Johansen
approach by introducing prior restrictions of the form stated in Lemma 1 (see Lütkepohl (2005) and references cited
therein).
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(LS) is inconsistent. The 2SLS and 3SLS using lagged w
˜

t as instruments are consistent and
asymptotically normally distributed (e.g. Malinvaud 1980). Therefore, we will assume that at
least one root of |A(L)| = 0 is equal to 1. More specifically,

A4: (a) A∗
p = α

˜
β
˜

′ where α
˜

and β
˜

are m × r matrices of full column rank, 0 ≤ r ≤ m − 1.

(b) α
˜

′
⊥ Jβ

˜
⊥ is nonsingular, where J = ∑p−1

j=0 A∗
j , α˜

⊥ and β
˜

⊥ are m × (m−r ) matrices of

full column rank such that α
˜

′
⊥α

˜
= 0

˜
= β

˜

′
⊥β

˜
. (If r = 0, then we take α

˜
⊥ = Im = β

˜
⊥.)

Under A1–A4, w
˜

t has r cointegrating vectors (the columns of β
˜
) and m − r unit roots. As

shown by Johansen (1988, 1991) and Toda and Phillips (1993), A4 ensures that the Granger
representation theorem (Engle and Granger 1987) applies, so that �w

˜
t is stationary, β ′w

˜
t is

stationary and w
˜

t is a vector of I(1) processes.
Suppose that the gth equation of (1) satisfies the prior restrictions a

˜
′
g�g = 0

˜
′, where a′

g denotes

the gth row of A and �g denotes a (p + 1)m × Rg matrix with known elements. Let �∗
g = M̃−1�g ,

the existence of prior restrictions a
˜
′
g�g = 0

˜
′ is equivalent to the existence of prior restrictions

a
˜
∗′
g �∗

g = 0
˜
′, where a

˜
∗′
g is the gth row of A∗. Hsiao (2001) has shown the following.

Lemma 1 Suppose that the gth equation of (1) is subject to the prior restrictions a
˜
′
g�g = 0

˜
′. A

necessary and sufficient condition for the identification of the gth equation of (1) or (2) is that

rank(A�g) = m − 1, (4)

or

rank
(

A∗�∗
g

) = m − 1. (5)

Remark 1. While the direction of non-stationarity or rank of cointegration can provide
information for identification, the identification condition (4) or (5) does not require such prior
information. Many econometric models are identified using information (4) alone. For instance,
the three behavioural equations of Klein (1950) interwar model are: consumption being a function
of current private wage income and current and lagged profit; investment being a function of
current and lagged profit and lagged capital stock; private wage being a function of current and
lagged output and time trend. So are the medium-sized Klein and Goldberger (1955) model and
the large-scale Wharton quarterly model (Klein and Evans 1969). The Klein–Goldberger model
consists of 25 equations. Apart from accounting identities, the behavioural equations in each
period are functions of current and lagged endogenous variables up to the fifth order, as well as
some exogenous inputs. For instance, consumption is a function of current wage income, current
profit, current farm income, current population, lagged consumption and lagged private liquid
assets. The original Wharton model consists of 76 behavioural equations with lags up to nine
quarters. While some of the behavioural equations use first differences for some variables and
levels for others, none of these models are identified through prior information on the rank of
cointegration or location of unit roots, but through condition (4).
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3. TWO-STAGE LEAST-SQUARES ESTIMATOR

For ease of exposition, we assume that prior information is in the form of excluding certain
variables, both current and lagged, from an equation. Let the gth equation of (1) be written as

w
˜

g = Zgδ
˜

g + ε
˜

g, (6)

where w
˜

g and ε
˜

g denote the T × 1 vectors of (wg1, . . . , wgT )′ and (ε g1, . . . , εgT )′, respectively,
and Z g denotes the T × [(p + 1)g	 − 1] matrix of g	 included current and lagged variables of
w
˜

t .
Phillips and Durlauf (1986) and Stock (1987) have shown that the least-squares estimator

with integrated regressors is consistent even when the regressors and the errors are correlated.
However, the basic assumption underlying their result is that the regressors are not cointegrated.
In a dynamic framework even though w

˜
t− j are I(1), the current and lagged variables are trivially

cointegrated. It is shown in Hsiao (1997a) that when contemporaneous joint-dependent variables
also appear as explanatory variables in (6), applying least-squares method to (6) does not always
yield consistent estimator for δ

˜
g .

Using lagged variables as instruments, the 2SLS estimator of δ
˜

g is given by

δ̂
˜

g,2SLS = [
Z ′

g X (X ′ X )−1 X ′ Zg
]−1[

Z ′
g X (X ′ X )−1 X ′w

˜
g

]
, (7)

where X = (W −1, W −2, . . . , W −p) and W − j denotes a T × m matrix representation of w
˜

′
t− j .

To derive the limiting properties of 2SLS, we note that we can transform (6) into a regression
model that involves I(0) and I(1) regressors. Let M g be the non-singular transformation matrix
that transforms Z g into Z∗

g = ZgMg = (Z∗
g1, Z∗

g2), where Z∗
g1 denotes the �g-dimensional linearly

independent I(0) variables and Z∗
g2 denotes the bg-dimensional full rank I(1) variables,3 then

w
˜

g = Zg Mg M−1
g δ

˜
g + ε

˜
g

= Z∗
gδ˜

∗
g + ε

˜
g

, (8)

where δ
˜
∗
g = M−1

g δ
˜

g = (δ
˜
∗′
g1, δ˜

∗′
g2)′ with δ

˜
∗
g1 and δ

˜
∗
g2 denoting the �g × 1 and bg × 1 vector,

respectively. Such transformation always exists. For instance, if no cointegrating relation exists
among the g	 included variables, say w̃

˜
gt , then bg = g	, Z∗

g1 consists of the current and p −
1 lagged �w̃

˜
gt , and Z∗

g2 is simply the T × bg (or T ×g	) matrix of the included w̃
˜

gt lagged by
p periods, w̃

˜
g,t−p. On the other hand, if there exist g	 − bg linearly independent cointegrating

relations among the g	 included variables, w̃
˜

gt , then Z∗
g1 consists of the current and p − 1 lagged

�w̃
˜

gt and cointegrating relations w̃
˜

′
g,t−pπ

˜
g , where π

˜
g is a g	 × (g	 − bg) matrix of constants,

and Z∗
g2 is the T × bg matrix of the full rank I(1) variables w̃

˜
g2,t−p. Similarly, there exists a

non-singular transformation matrix M x such that XMx = X∗ = (X∗
1, X∗

2) where X∗
1 consists of

the linearly independent I(0) variables and X∗
2 consists of the full rank I(1) variables.

Remark 2. The precise form of M g and M x need not be known a priori. They are introduced to
facilitate derivation of the limiting properties of the 2SLS or augmented 2SLS or 3SLS. They are
not needed for the implementation of the actual estimator.

3By full rank I(1) variables, we mean that there is no cointegrating relation among Z∗
g2.
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The 2SLS estimator δ̂
˜

g,2SLS can be written as a linear transformation of the 2SLS estimator

of (8), δ̂
˜

g,2SLS = Mg δ̂
˜

∗
g,2SLS, where

δ̂
˜

∗
g,2SLS = [

Z∗′
g X∗(X∗′ X∗)−1 X∗′ Z∗

g

]−1[
Z∗′

g X∗(X∗′ X∗)−1 X∗′w
˜

g

]
(9)

Since under fairly general conditions (e.g. Phillips and Durlauf 1986; Chan and Wei 1988)
1
T Z∗′

g1 X∗
1 −→ M∗

zg1x1
, 1

T 2 Z∗′
g1 X∗

2 −→ 0, 1
T Z∗′

g2 X∗
1 =⇒ M∗

zg2x1
a.s., 1

T 2 Z∗′
g2 X∗

1 −→ 0, 1
T X∗′

1 X∗
1 −→

M∗
x1x1

, 1
T X∗′

1 X∗
2 =⇒ M∗

x1x2
a.s., 1

T 2 X∗′
1 X∗

2 −→ 0, 1
T 2 X∗′

2 X∗
2 =⇒ M∗

x2x2
a.s., 1

T X∗′
1 ε

˜
g −→ 0 and

1
T 2 X∗′

2 ε
˜

g −→ 0, where −→ and =⇒ denote convergence in probability and in distribution of the
associated probability measures, respectively, and M∗

x1x1
and M∗

x2x2
are non-singular, it follows

that δ̂
˜

∗
g,2SLS converges to δ

˜
∗
g,2SLS. Hence the 2SLS estimator of δ

˜
g is consistent.

To derive the limiting distribution of the 2SLS estimator, we let Hg = [T
− 1

2 I�g 0
˜

0
˜

T −1 Ibg
] and

Hx = [T
− 1

2 I�∗ 0
˜

0
˜

T −1 Ib∗
], where �∗ and b∗ are the column dimensions of X∗

1 and X∗
2, respectively.

Since T −3/2 X∗′
1 Z∗

g2 −→ 0, T −3/2 X∗′
2 Z∗

g1 −→ 0 and T −3/2 X∗′
1 X∗

2 −→ 0,

H−1
g

(
δ̂
˜

∗
g,2SLS − δ

˜
∗
g

) =
[√

T
(
δ̂
˜

∗
g1,2SLS − δ

˜
∗
g1

)
T

(
δ̂
˜

∗
g2,2SLS − δ

˜
∗
g2

) ]

=
⎧⎨⎩

(
1
T Z∗′

g1 X∗
1

1
T 3/2 Z∗′

g1 X∗
2

1
T 3/2 Z∗′

g2 X∗
1

1
T 2 Z∗′

g2 X∗
2

) (
1
T X∗′

1 X∗
1

1
T 3/2 X∗′

1 X∗
2

1
T 3/2 X∗′

2 X∗
1

1
T 2 X∗′

2 X∗
2

)−1

(
1
T X∗′

1 Z∗
g1

1
T 3/2 X∗′

1 Z∗
g2

1
T 3/2 X∗′

2 Z∗
g1

1
T 2 X∗′

2 Z∗
g2

)}−1

{(
1
T Z∗′

g1 X∗
1

1
T 3/2 Z∗′

g1 X∗
2

1
T 3/2 Z∗′

g2 X∗
1

1
T 2 Z∗′

g2 X∗
2

) (
1
T X∗′

1 X∗
1

1
T 3/2 X∗′

1 X∗
2

1
T 3/2 X∗′

2 X∗
1

1
T 2 X∗′

2 X∗
2

)−1 (
1

T 1/2 X∗′
1 ε

˜
g

1
T X∗′

2 ε
˜

g

)}

=⇒
⎡⎣(

M∗
zg1x1

M∗−1
x1x1

M∗
x1zg1

)−1(
M∗

zg1x1
M∗−1

x1x1
· T −1/2 X∗′

1 ε
˜

g

)
(
M∗

zg2x2
M∗−1

x2x2
M∗

x2zg2

)−1(
M∗

zg2x2
M∗−1

x2x2
· T −1 X∗′

2 ε
˜

g

)
⎤⎦ . (10)

Under assumption (A3), we have

1√
T

X∗′
1 ε

˜
g =⇒ N

(
0
˜
, σ 2

g M∗
x1x1

)
. (11)

However, as shown by Phillips and Durlauf (1986),

1

T
X∗′

2 ε
˜

g =⇒
∫

Bx∗
2
d Bεg , (12)

where B εg denotes the Brownian motion of ε gt with variance σ 2
g , B x∗

2
denotes a b∗ × 1 vector

Brownian motion of �x
˜
∗
2t with covariance matrix ��x∗

2 �x∗
2

with ��x∗
2 �x∗

2
being the long-run

covariance matrix of �x
˜
∗
2t . Following Phillips (1991), we can decompose the right-hand side of
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(12) into two terms as ∫
Bx∗

2
d Bεg ·x∗

2
+

∫
Bx∗

2
�εg�x∗

2
�−1

�x∗
2 �x∗

2
d Bx∗

2
, (13)

where Bεg ·x∗
2

= Bεg − �εg�x∗
2
�−1

�x∗
2 �x∗

2
Bx∗

2
≡ B M(σ 2

g·�x∗
2
) with σ 2

g.�x∗
2

= σ 2
g − �εg�x∗

2
�−1

�x∗
2 �x∗

2

��x∗
2 εg , and �εg�x∗

2
denotes the long-run covariance between ε

˜
g and �x

˜
∗
2. The first term of (13) is

a mixed normal. The second term involves a matrix unit root distribution that arises from using
lagged w

˜
as instruments when w

˜
is I(1) and the contemporaneous correlation between ε

˜
gt and

w
˜

t is non-zero. The ‘long-run endogeneity’ of the non-stationary instruments X∗
2 results in a

skewness of the limiting distribution of δ̂
˜

∗
g,2SLS and its dependence on nuisance parameters that

are impossible to eliminate by the 2SLS. Therefore,

Lemma 2. The 2SLS estimator of δ
˜
∗
g is consistent and

√
T

(
δ̂
˜

∗
g1,2SLS − δ

˜
∗
g1

) =⇒ N
(
0
˜
, σ 2

g

(
M∗

zg1x1
M∗−1

x1x1
M∗

x1zg1

)−1)
, (14)

T
(
δ̂
˜

∗
g2,2SLS − δ

˜
∗
g2

) =⇒{∫
Bz∗

g2
B ′

x∗
2
dr

( ∫
Bx∗

2
B ′

x∗
2
dr

)−1 ∫
Bx∗

2
B ′

z∗
g2

dr

}−1

{∫
Bz∗

g2
B ′

x∗
2
dr

( ∫
Bx∗

2
B ′

x∗
2
dr

)−1 [∫
Bx∗

2
d Bεg ·x∗

2
+

∫
Bx∗

2
�εg�x∗

2
�−1

�x∗
2 �x∗

2
d Bx∗

2

]}
, (15)

where B z∗
g2

denotes a bg × 1 vector Brownian motion of �z
˜
∗
g2,t which appears in the gth equation.

The conventional formula σ 2
g[Z∗′

g X∗(X∗′ X∗)−1 X∗′ Z∗
g]−1 can no longer be used to approximate

the asymptotic covariance matrix of δ̂
˜

∗
g,2SLS as in the stationary case. It can be shown that

σ 2
gHg[Z∗′

g X∗ (X∗′ X∗)−1 X∗′ Z∗
g]−1 H ′

g converges to

σ 2
g

⎡⎣(
M∗

zg1x1
M∗−1

x1x1
M∗

x1zg1

)−1
0
˜

0
˜

(
M∗

zg2x2
M∗−1

x2x2
M∗

x2zg2

)−1

⎤⎦ . (16)

While the top left block of (16) is the asymptotic covariance matrix of
√

T (δ̂
˜

∗
g1,2SLS − δ

˜
∗
g1), the

lower right block of (16) is not the asymptotic covariance matrix of T (δ̂
˜

∗
g2,2SLS − δ

˜
∗
g2) as indicated

by (15).
Since δ̂

˜
g,2SLS = Mg δ̂

˜

∗
g,2SLS, the limiting distribution of δ̂

˜
g,2SLS is given by the components that

have slower rate of convergence. Therefore, if none of the rows of M g are identically zero in
the first �g columns, δ̂

˜
g,2SLS converges to δ

˜
g at the speed of T 1/2 and its limiting distribution is

singular normal. On the other hand, if for some rows of M g , the first �g columns are identically
zero, then the corresponding elements of δ̂

˜
g,2SLS converge to their true values at the speed of T .

However, their limiting distribution is non-standard. Let M g+ and M g++ denote the submatrices
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of M g that the first �g columns of each row are not and are identically zero, respectively, and δ
˜

g+
and δ

˜
g++ denote the subvectors of δ

˜
g that correspond to M g+ and M g++, respectively. Then

Lemma 3. The 2SLS estimator of (1) is consistent. The limiting distribution of δ̂
˜

g,2SLS has the
form

√
T (δ̂

˜
g+,2SLS − δ

˜
g+) =⇒ N

(
0
˜
, σ 2

g Mg+

((
M∗

zg1x1
M∗−1

x1x1
M∗

x1zg1

)−1
0
˜

0
˜

0
˜

)
M ′

g+

)
(17)

T
(
δ̂
˜

g++,2SLS − δ
˜

g++
) = T M̃g++

(
δ̂
˜

∗
g2,2SLS − δ

˜
∗
g2

)
, (18)

where M̃ g++ denotes the last bg columns of M g++.

When p > 1, under the exclusion restrictions, each element of δ̂
˜

g,2SLS is either a linear

combination of δ̂
˜

∗
g1,2SLS alone or a linear combination of both δ̂

˜

∗
g1,2SLS and δ̂

˜

∗
g2,2SLS. Therefore, all

the elements of δ̂
˜

g,2SLS converge to δ
˜

g at the speed of T 1/2.

Corollary 1. When all the elements of δ̂
˜

g,2SLS converge to δ
˜

g at the speed of T 1/2, then√
T (δ̂

˜
g,2SLS − δ

˜
g) converges to a singular normal distribution with mean 0

˜
and covariance matrix


g,2SLS = σ 2
g Mg

[(
M∗

zg1x1
M∗−1

x1x1
M∗

x1zg1

)−1
0
˜

0
˜

0
˜

]
M ′

g, (19)

where 
 g,2SLS may be approximated by the usual formula of the covariance matrix of the 2SLS
estimator,

T σ 2
g [Z ′

g X (X ′ X )−1 X ′ Zg]−1. (20)

Proof. Equation (20) is identical to

T σ 2
g Mg

[
Z∗′

g X∗(X∗′ X∗)−1 X∗′ Z∗
g

]−1
M ′

g =⇒

σ 2
g Mg

{(
M∗

zg1x1
T −1/2 M∗

zg1x2

M∗
zg2x1

T 1/2 M∗
zg2x2

) (
M∗−1

x1x1
0
˜

0
˜

M∗−1
x2x2

) (
M∗

x1zg1
M∗

x1zg2

T −1/2 M∗
x2zg1

T 1/2 M∗
x2zg2

)}−1

M ′
g

= σ 2
g Mg

[(
M∗

zg1x1
M∗−1

x1x1
M∗

x1zg1

)−1
0
˜

0
˜

0
˜

]
M ′

g,
(21)

where the last equality follows from the use of partitioned inverse formula and T −1/2 M∗
zg1x2

→
0, T −1[M∗

zg2x2
M∗−1

x2x2
M∗

x2zg2
]−1 → 0.

Therefore, when all the coefficients converge at the speed of
√

T and if the null hypothesis is
in the form of testing a single coefficient, say δgk equals a specific value ck ,

H0 : δgk = ck,
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then there is no problem of using the 2SLS estimator to estimate δ
˜

g and construct a t-statistic using

the conventional formula,
√

T (δ̂gk−ck )

sd(
√

T δ̂gk )
, which will converge to a standard normal, where sd(

√
T δ̂gk)

denotes the standard error of
√

T δ̂gk , the square root of the kth diagonal element of (19). 4

However, Lemma 3 suggests that inference about the joint hypothesis Pδ
˜

g = c
˜

can be tricky,

where P and c
˜

are a known matrix and a known vector of the proper dimensions. If
√

T P(δ̂
˜

g,2SLS −
δ
˜

g) has a non-singular covariance matrix, it means that the Wald test statistic(
δ̂
˜

g,2SLS − δ
˜

g

)′
P ′ Cov

(
P δ̂

˜
g,2SLS

)−1
P

(
δ̂
˜

g,2SLS − δ
˜

g

)
(22)

will be asymptotically chi-square distributed. On the other hand, if
√

T P(δ̂
˜

g,2SLS − δ
˜

g) has a
singular covariance matrix, it means that there exists a non-singular matrix L such that

L Pδ
˜

g = L P∗δ
˜
∗
g =

[
P̃11 P̃12

0
˜

P̃22

] [
δ
˜
∗
g1

δ
˜
∗
g2

]
(23)

with non-zero P̃22. Then

(P δ̂
˜

g,2SLS − c
˜
)′ Cov(P δ̂

˜
g,2SLS)−1(P δ̂

˜
g,2SLS − c

˜
)

=
{[

P̃11 P̃12

0
˜

P̃22

] [
δ̂
˜

∗
g1,2SLS

δ̂
˜

∗
g2,2SLS

]
− Lc

˜

}′
Cov(L P δ̂

˜
g,2SLS)−1

{[
P̃11 P̃12

0
˜

P̃22

] [
δ̂
˜

∗
g1,2SLS

δ̂
˜

∗
g2,2SLS

]
− Lc

˜

}
=⇒ T

(
P̃11δ̂

˜

∗
g1,2SLS + P̃12δ̂

˜

∗
g2,2SLS − c̃

˜
1

)′
Cov

(√
T P̃11δ̂

˜

∗
g1,2SLS

)−1(
P̃11δ̂

˜

∗
g1,2SLS + P̃12δ̂

˜

∗
g2,2SLS − c

˜
1

)
+T 2

(
P̃22δ̂

˜

∗
g2,2SLS − c̃

˜
2)′ Cov

(
T P̃22δ̂

˜

∗
g2,2SLS

)−1(
P̃22δ̂

˜

∗
g2,2SLS − c̃

˜
2

)
, (24)

where Lc
˜

= (c̃
˜
′
1, c̃

˜
′
2)′. The first term on the right-hand side of (24) is asymptotically chi-square

distributed. The second term, according to Lemma 2, has a non-standard distribution. Hence (24)
is not asymptotically chi-square distributed.

Remark 3. Equations (23) and (24) demonstrate that in testing the null hypothesis of Pδ
˜

g = c
˜

whether the limiting distribution of
√

T P(δ̂
˜

g,2SLS − δ
˜

g) has a non-singular covariance matrix is
critical in determining if the chi-square distribution provides a good approximation of the Wald
test statistic (22). Unfortunately, without the prior knowledge of the location of unit roots, we are
not able to know a priori if

√
T P(δ̂

˜
g,2SLS − δ

˜
g) has a non-singular covariance matrix in the limit.

Remark 4. The critical difference between the model formulated here and those of Hsiao
(1997a,b) is that in Hsiao (1997a,b), there exists a set of strictly exogenous variables that drive
the system. In other words, there exists prior information that allows one to decompose w

˜
into

(w
˜

′
1, w˜

′
2)′ such that (1) takes the form

A11(L)w
˜

1t + A12(L)w
˜

2t = ε
˜

1t , (25)

A22(L)w
˜

2t = ε
˜

2t , (26)

4
√

T (δ̂
˜

g − δ
˜

g) being singular normal only implies that some linear combination of
√

T δ̂
˜

g will have zero variance. On

the other hand,
√

T (δ̂gk − δgk ) remains to follow a normal limiting distribution.
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and

Eε
˜

1tε
˜
′
2t = 0

˜
. (27)

That is, A21(L) ≡ 0
˜

and (27) imply that w
˜

2t can be treated as strictly exogenous, applying 3SLS
to (25) yields asymptotically normal or mixed normal distribution.

Without the strict exogeneity assumption on some of the variables as commonly formulated in
the Cowles Commission structural equation modelling (e.g. Koopmans et al. 1950; Hsiao 1997a)
or the prior knowledge of the direction of non-stationarity, the system estimation method such
as the three-stage least-squares estimator (3SLS), although consistent, will have the same kind
of inference problems as those associated with the presence of a matrix unit root distribution.
However, if strict exogeneity of w

˜
2 does not hold, as long as the system satisfies the Wold (1954)

block causal ordering or Granger (1969) non-causality so that the corresponding partition of
A(L) has the form that A21(L) ≡ 0

˜
, but not Eε

˜
1tε

˜
′
2t = 0, and w

˜
2 contains the common trends

driving the system in the sense that x
˜
∗
2 is a subset of w

˜
2, although the limiting distribution of

the 2SLS estimator remains skewed, the 3SLS estimator applied to (25) and (26) together will
yield asymptotically normal or mixed normal distribution for A11(L) and A12(L). In other words,
hypothesis testing involving coefficients of (25) alone can be conducted using Wald type test
statistics which are asymptotically chi-square distributed provided their estimates are obtained
by applying 3SLS to the complete system of (25) and (26). But if 3SLS is applied to the system
(25) alone, then the limiting distributions of the resulting estimates remain to be functions of unit
root distribution.

4. THE LAG ORDER AUGMENTED 2SLS AND 3SLS ESTIMATORS

The problem of applying the 2SLS or 3SLS estimator is not that of the consistency of the estimator,
but that the limiting distribution of the estimator of the coefficients on the full rank I(1) variables,
Z∗

g2, δ˜
∗
g2, involves a matrix unit root distribution that arises from using lagged dependent variables

as instruments when dependent variables are integrated of order 1. In a system of reduced form
VAR, i.e., A0 = I m , Toda and Yamamoto (1995) note that if we augment the order of a pth
order autoregressive process by the maximum order of integration, then the skewness of the
limiting distribution of the least-squares estimator will be concentrated on the coefficient matrices
associated with the augmented lags which are known a priori to be zero. Therefore, standard
inference procedure can still be applied to the coefficients in the first p coefficient matrices. In this
section, we consider a lag-augmented 2SLS or 3SLS (LA2SLS or LA3SLS) estimator following
the suggestion of Toda and Yamamoto (1995) and Yamada and Toda (1998).

Under the assumption that w
˜

t is I(1), we augment the pth order SDM (1) to a (p + 1)th order
SDM

A0w
˜

t + A1w
˜

t−1 + · · · + Apw
˜

t−p + Ap+1w
˜

t−p−1 = ε
˜

t , (28)

where Ap+1 ≡ 0
˜
. Transforming (28) into an error-correction form, we have

p∑
j=0

A∗
j�w

˜
t− j + A∗

p+1w˜
t−p−1 = ε

˜
t , (29)
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where A∗
j = ∑ j

�=0 A�, j = 0, 1, . . . , p and A∗
p+1 = A∗

p. It follows that A = [A0, . . . , Ap] =
[A∗

0, . . . , A∗
p]M̃−1.

Let the gth equation of (28) be written as

w
˜

g = Z A
g δ

˜
A
g + ε

˜
g, (30)

where Z A
g = (Zg, W̃g,−(p+1)), δ

˜
A
g = (δ

˜
′
g, −a

˜
′
g,p+1)′ with W̃ g,−(p+1) denoting the T × g	 matrix

of included w̃
˜

gt lagged by (p + 1) periods and a
˜
′
g,p+1 being the gth row of A p+1 excluding

those elements that are subject to exclusion restrictions. Just like (6), there exists a non-singular
transformation matrix MA

g that transforms ZA
g into Z∗A

g = ZA
g MA

g = (Z∗A
g1 , Z∗A

g2 ), and δ
˜

A
g into δ

˜
∗A
g =

(M A
g )−1δ

˜
A
g = (δ

˜
∗A′
g1 , δ

˜
∗A′
g2 )′ where Z∗A

g1 = (�Zg, W̃g,−(p+1)π
˜

g) is stationary and Z∗A
g2 is the T × bg

matrix of the full rank I(1) variables, w̃
˜

g2,t−(p+1). We rewrite (30) in terms of the transformed
variables

w
˜

g = Z A
g M A

g

(
M A

g

)−1
δ
˜

A
g + ε

˜
g = (

Z∗A
g1 Z∗A

g2

) (
δ
˜
∗A
g1

δ
˜
∗A
g2

)
+ ε

˜
g. (31)

Let X A = (X , W −(p+1)). The 2SLS estimator of (30) is defined as

δ̂
˜

A
g,2SLS = [

Z A′
g X A(X A′ X A)−1 X A′ Z A

g

]−1[
Z A′

g X A(X A′ X A)−1 X A′w
˜

g

]
. (32)

The LA2SLS of (6) is defined as

δ̂
˜

g,L A2SLS = Q A
g δ̂

˜

A
g,2SLS, (33)

where Q A
g = (I(p+1)g	−1, 0

˜
g	

) with 0
˜

g	
denoting a [(p + 1)g	 − 1] × g	 matrix of zeros. Since

δ̂
˜

A
g,2SLS = M A

g δ̂
˜

∗A
g,2SLS, we have

δ̂
˜

g,L A2SLS = Q A
g M A

g δ̂
˜

∗A
g,2SLS

= (M̃g, 0
˜

g	
)δ̂
˜

∗A
g,2SLS

= (M̃g, 0
˜

g)δ̂
˜

∗A
g1,2SLS,

(34)

where M̃ g is a [(p + 1)g	 − 1]-dimensional square matrix of the form,5

M̃g =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ig	−1 0
˜

. . . . . . . . . 0
˜(

−Ig	−1

0
˜
′

)
Ig	

. . . . . . . . . . . .

. . . −Ig	
Ig	

. . . . . . . . .

. . . . . . . . . . . . Ig	
0
˜

. . . . . . . . . . . . −Ig	
Ig	

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (35)

5For ease of notation, we assume all the included variables appear with the same lag order.
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with wgt being ordered as the last element of w̃
˜

gt , and 0
˜

g is a [(p + 1)g	 − 1] × r g matrix of zeros

with r g denoting the rank of cointegration of w̃
˜

gt such that w̃
˜

′
gtπ

˜
g is I(0). Then δ

˜
g = (M̃g, 0

˜
g)δ

˜
∗A
g1 .

Since
√

T
(
δ̂
˜

∗A
g1,2SLS − δ

˜
∗A
g1

) =⇒ N
[
0
˜
, σ 2

g

(
M A∗

zg1x1
M A∗−1

x1x1
M A∗

x1zg1

)−1]
, (36)

where M A∗
zg1x1

= plim 1
T Z∗A′

g1 X∗A
1 , M A∗

x1x1
= plim 1

T X∗A′
1 X∗A

1 , with X∗A
1 = (�X , W−(p+1)π

˜
) being

the T × (mp + r ) matrix of the linearly independent I(0) variables. It follows that

Theorem 1. The LA2SLS of δ
˜

g is consistent and

√
T (δ̂

˜
g,L A2SLS − δ

˜
g) =⇒ N

{
0
˜
, σ 2

g (M̃g 0
˜

g)
[
M A∗

zg1x1
M A∗−1

x1x1
M A∗

x1zg1

]−1

(
M̃ ′

g

0
˜
′
g

)}
. (37)

Remark 5. The LA2SLS estimator of the coefficients of the original structural dynamic
model (1) converges to the true value at the speed of T 1/2 and is asymptotically normally distributed
with non-singular covariance matrix. Therefore, Wald type test statistics based on the LA2SLS
estimates are asymptotically chi-square distributed. Compared to the conventional 2SLS, the
LA2SLS estimator loses the T-convergent component of 2SLS and ignores the prior restrictions
that the coefficients on w̃

˜
g,t−(p+1) are zero, hence may lose some efficiency.6

Remark 6. The LA2SLS estimator remains consistent even when the errors are not identically
distributed. When the errors are heteroscedastic, we may replace the conventional formula for the
asymptotic covariance matrix by the robust estimator∑̂R

g,LA2SLS
= Q A

g

(
Z A′

g PX Z A
g

)−1
Z A′

g PX �̂g PX Z A
g

(
Z A′

g PX Z A
g

)−1
Q A′

g

where P X = X A(X A′
X A)−1 X A′

and �̂g is a T × T diagonal matrix with the tth element given
by any of the following:

C1 : ε̂2
g,t

C2 :
T

T − [(p + 2)g	 − 1]
ε̂2

g,t

C3 :
1

1 − h̃t
ε̂2

g,t

C4 :
1

(1 − h̃t )2
ε̂2

g,t

where h̃t is the tth diagonal element of P X . Based on the simulation results in MacKinnon and
White (1985), we speculate that C3 and C4 may have the best finite sample performance while
C1 is probably the worst.

6Although the 2SLS estimator has a T-convergent component, when p > 1, under the exclusion restrictions, each element
of the 2SLS estimator is

√
T -convengent. Therefore, the loss of efficiency in estimating δ

˜
g by LA2SLS estimator may

not be significant (see Tables 1 and 2).
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Similarly, we can stack all m equations of (28) in the form of (30)

w
˜

= Z Aδ
˜

A + ε
˜
, (38)

where Z A = diag (Z A
1 , . . . , Z A

m), δ
˜

A = (δ
˜

A′
1 , . . . , δ

˜
A′
m )′. The lag-augmented 3SLS (LA3SLS)

estimator is defined as

δ̂
˜

L A3SL S = Q Aδ̂
˜

A
3SL S, (39)

where δ̂
˜

A
3SL S denotes the 3SLS estimator of (38), QA = diag(Q A

1 , . . . , QA
m). Then

Theorem 2. The LA3SLS of δ
˜

is consistent and
√

T (δ̂
˜

L A3SL S − δ
˜
) =⇒ N (0

˜
, 
LA3SLS), (40)

where 
LA3SLS is a full rank matrix of the form


L A3SL S = M∗
̃A
11 M∗′, (41)

where

M∗ = diag
(
M∗

1 , . . . , M∗
m

)
, M∗

g = (M̃g, 0
˜

g),


̃A
11 = (

σ gh R A
gh.1

)
, R A

gh.1 = M A∗
zg1x1

M A∗−1
x1x1

M A∗
x1zh1

, 
−1
εε = (σ gh).

5. MONTE CARLO COMPARISONS

In this section, a small simulation study is conducted to compare the finite sample performance
of the OLS, 2SLS, 3SLS, LA2SLS and LA3SLS estimators as well as the two modified
estimators suggested by Hsiao and Wang (2006) that have asymptotic normal and mixed normal
distributions.7 To see how sensitive the M2SLS estimator is to the choice of the kernel function
and the bandwidth parameter, we consider three kernel functions (Parzen, Turkey–Hanning and
quadratic spectral) and three bandwidth expansion rates (k = 0.3, 0.5, 0.66).

For each estimator, we compute its bias, root mean square estimation error, the size and size-
adjusted power of the t- and Wald tests where critical values are derived from the assumption of
asymptotic normality. In addition, we compare the theoretical and actual histograms of the test
statistics. All computation is performed by MATLAB. It is hoped that this simulation study will
shed some light on the choice of the estimators in finite sample.

We consider a trivariate time series {w
˜

t }T
t=−1 generated by a second-order structural dynamic

model of the form

A0w
˜

t = A1w
˜

t−1 + A2w
˜

t−2 + ε
˜

t , (42)

where ε
˜

t ∼ N (0,
∑

εε).

7We did not include the Johansen estimator in the comparison because it requires the prior knowledge of the rank of
cointegration.
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We let (42) be identified by the exclusion restrictions of the form that

A0 =
⎛⎝ 1 a0,12 0

0 1 a0,23

a0,31 0 1

⎞⎠ , A1 =
⎛⎝ a1,11 a1,12 0

0 a1,22 a1,23

a1,31 0 a1,33

⎞⎠

and A2 =
⎛⎝ a2,11 a2,12 0

0 a2,22 a2,23

a2,31 0 a2,33

⎞⎠ .

To generate the time series {w
˜

t }T
t=−1, we initialize the system at t = −51 with (w

˜
−50, w

˜
−51) =

(0
˜
, 0

˜
). A sequence of independent trivariate standard normal random variables {e

˜
t }T

t=−49 is
generated by the RANDN function of MATLAB. Let

� =
⎛⎝ 1 −0.5 0.3

−0.5 0.9 0.4
0.3 0.4 2.5

⎞⎠1/2

and ε
˜

t = �e
˜

t , so that {ε
˜

t }T
t=−49 is a sequence of independent trivariate normal random variables

with zero mean and covariance matrix 
εε = ��′. To generate {w
˜

t }T
t=−49, we use the following

parameter values of (A0, A1, A2):

A0 =

⎛⎜⎝ 1 −0.4 0

0 1 0.8

0.6 0 1

⎞⎟⎠ , A1 =

⎛⎜⎝ 0.2 −0.1 0

0 0.7 0.6

0.2 0 0.4

⎞⎟⎠ and A2 = A0 − A1 + α
˜
β
˜

′;

DG P1 : α
˜

′ = β
˜

′ = ( 0 0 0 );

DG P2 : α
˜

′ = ( 0 −0.4 0 ), β
˜

′ = ( 0 1 2 );

DG P3 : α
˜

′ =
(

−0.5 0 −0.3

0.25 −0.4 0

)
and β

˜

′ =
(

1 0 1

0 1 2

)
.

It is easy to check that |A0| �= 0 and that DGP1–DGP3 satisfy the rank condition for
identification. In addition, DGP1 represents a system of full rank I(1) variables, DGP2 represents
a system of I(1) variables that has one linearly independent cointegrating relation and DGP3
represents a system of I(1) variables that has two linearly independent cointegrating relations.

To see if there are distortions in using normal approximation in hypothesis testing, we consider
the following hypotheses: (A) test the value of a0,12 alone, i.e. H A : a0,12 = c0; (B) a joint test of
H B : a0,12 = c0, a1,12 = c1 and a2,12 = c2, where c0, c1 and c2 are known constants.

Our analysis shows that the standard normal distribution provides a good approximation for
the conventional t-statistics for H A, be the estimator as 2SLS, 3SLS, LA2SLS, LA3SLS, or the
modified estimators. On the other hand, the chi-square distribution may or may not be a good
approximation for testing H B even asymptotically if the Wald statistics are constructed from
the 2SLS or 3SLS estimates. For instance, Wald statistics for H B have a limiting chi-square
distribution for DGP3, but not for DGP1 or DGP2. For all three data generating processes, we
can transform H B into the form of (23), then test B becomes a joint test of a0,12 = c0, a1,12 −
a0,12 = c1 − c0 and a2,12 + a1,12 − a0,12 = c2 + c1 − c0. While for DGP1 and DGP2, test B
isolates the coefficient on the I(1) regressor, w2,t−2, (a2,12 + a1,12 − a0,12), for DGP3, it only
involves the coefficients on the I (0) regressors, �w2,t , �w2,t−1 and w2,t−2 − 2w1,t−2. Hence, for
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Wald test based on the 2SLS or 3SLS estimator, chi-square approximation is not appropriate for
DGP1 or DGP2, but is appropriate for DGP3 if the sample is of reasonable size.

Although the true DGP (42) has no constant term, in practice one usually estimates a VAR
with an intercept. It therefore seems more appropriate to include an intercept in the estimated
structural dynamic model. Sample sizes are fixed at T=50, 100, 200 and 400. The number of
repetitions is 1,000.

The consistency property of the alternative estimators can be examined using Table 1, which
reports the absolute value of the percentage estimation bias (Bias), averaged over the five
coefficients in the first equation of model (42). To compare the asymptotic efficiency of the
estimators, we report in Table 2 the root mean squared percentage estimation error (RMSPE),
averaged over the five coefficients in the first equation of model (42).

As expected, the OLS is severely biased, but not for 2SLS, 3SLS, LA2SLS, LA3SLS, or
the modified estimators for moderate T . The Bias and RMSPE of the LA2SLS and LA3SLS
estimators are about the same as the conventional 2SLS and 3SLS.8 Hence, the loss of efficiency
of the lag-augmented estimators does not appear to be significant even for small T .

It is interesting to note that although the two modified estimators proposed by Hsiao and Wang
(2006) have desirable large sample properties, they tend to have larger Bias and RMSPE than
conventional 2SLS and 3SLS for T < 200. In addition, the M2SLS estimator appears to be very
sensitive to the choice of the kernel function and bandwidth parameter for small T . However, the
modified estimators improve significantly with the sample size. When T = 200, their Bias and
RMSPE are of similar order as the 2SLS.

Table 3 presents the actual sizes of the tests where the critical values are derived from standard
normal for test A and chi-square distribution with three degrees of freedom for test B. For test
A, normal approximation appears to be reasonable for all the consistent estimators. For test B, if
the limiting distribution of Wald statistics does not involve the unit root distribution (DGP3), chi-
square distribution approximates well as T increases for conventional and lag-augmented 2SLS
and 3SLS. But if the limiting distribution of Wald statistics involves the unit root distribution
(DGP1 and DGP2), then size distortions for 2SLS and 3SLS are severe. The actual size of a 1%
test, 5% test and 10% test can be more than 5%, 15% and 30%, respectively. On the other hand,
the actual sizes of LA2SLS and LA3SLS are very close to the nominal sizes for even moderate T .

As shown in Table 3, although the modified estimators have desirable large sample properties,
they seem to have larger size distortions than the LA2SLS for T ≤ 400. The results on the M2SLS
estimator are also sensitive to the bandwidth choice. However, the performance of the modified
estimators appears to improve as T increases.

Table 4 compares the size-adjusted power of different estimators. Although we do not know
how to adjust for size distortion in practice, it is possible to find the critical values of different
test statistics in a simulation framework. These results suggest that for test B Wald statistics

8Readers may note that the RMSPE of the OLS estimator is smaller than that of the 2SLS for DGP1 but not for DGP2
or DGP3. This observation corroborates the findings in Hurd (1972), in which Monte Carlo studies were conducted to
compare the efficiency of the OLS and 2SLS estimators of a structural equation. Hurd found that for many parameter
values, the OLS estimator has smaller mean squared error than the 2SLS if sample size is small (T ≤ 24). However,
the relative efficiency of the 2SLS estimator increases rapidly with sample size, the correlation between the endogenous
regressor and the error term, and the variation (second moment) of the endogenous regressor. In the first equation of model
(42), the correlation between �ω2,t and ε1,t is 0.53, same for all three data generating processes. But the second moment
of �ω2,t is about 3.5 for DGP1, 5.1 for DGP2 and 6.6 for DGP3. However, as noted by a referee, the RMSPE results for
DGP1/3SLS and DGP1/A2SLS indicate severe instability for small sample (T = 50).
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constructed from LA2SLS or LA3SLS perform favourably compared to other estimators that
make use of T-convergence properties in the non-stationary direction. In other words, they appear
to further enhance the implication of Tables 1 and 2 that although LA2SLS and LA3SLS are only√

T -convergent, in finite sample the loss of efficiency, if any, is not of significant concern for a
small-scale structural dynamic model.

To see the extent to which the finite sample distributions of the test statistics deviate from
the asymptotic ones, for each estimator, we compare the actual versus theoretical histogram of
its t-statistics for test A and Wald statistics for test B. The theoretical histograms are derived
from the standard normal distribution for test A and chi-square distribution with three degrees of
freedom for test B. To conserve space, we report the actual histograms only for T = 200. The
actual histograms for T = 50, 100 and 400 are available upon request.

Figures 1–3 plot the actual and theoretical histograms of the t-statistics for test A for DGP1,
DGP2 and DPG3, respectively. The dotted line is used for the theoretical histogram and the solid
line for the actual histogram. The OLS is severely biased downward. The actual histograms of
the 2SLS, 3SLS, LA2SLS, LA3SLS and the modified estimators are similar and close to the
theoretical one. Thus, as we inferred from Table 3, for test A, normal approximation works well
for all the consistent estimators when T = 200.

Figures 4–6 plot the actual and theoretical histograms of the Wald statistics for test B for
DGP1, DGP2 and DPG3, respectively. For DGP1 and DGP2, the actual histograms of the lag-
augmented estimators are very close to the theoretical ones while the actual histograms of the
conventional 2SLS and 3SLS estimators have fatter tails. For DGP3, the actual histograms of
both the conventional and lag-augmented estimators are very close to the theoretical ones. This
is expected since, as we discussed earlier, the Wald statistics based on 2SLS and 3SLS have a
chi-square limiting distribution for DGP3, but not for DGP1 or DGP2. We also noted large spikes
at the right end of some of the actual histograms of the modified estimators, indicating that Wald
statistics based on the modified estimators, especially the M2SLS with bandwidth expansion rate
k=0.66, tend to have a mass at large values.

Since, a priori, one does not know if the null hypothesis involves estimates in the non-stationary
direction,9 the limited Monte Carlo results appear to suggest that if the null hypothesis involves a
single coefficient parameter and efficiency of the point estimates is a concern, 2SLS or 3SLS should
be used. On the other hand, if the null hypothesis involves a number of coefficient parameters,
then one probably should use LA2SLS or LA3SLS if T is moderate. For T smaller than 200, both
2SLS and LA2SLS are subject to size distortions for test B. However, size distortion for 2SLS is
about twice as large as for LA2SLS. For T = 400, the actual sizes of the LA2SLS and LA3SLS
estimators are almost identical to the nominal sizes.

6. CONCLUSIONS

In this paper, we consider inference of a structural dynamic model of non-stationary and possibly
cointegrated variables without the prior knowledge of unit roots or rank of cointegration. Despite

9Sims et al. (1990) show that in a trivariate reduced form VAR model, the F-statistics of Granger causality test have a
chi-square limiting distribution if the system has a single cointegrating vector. However, this result may not hold in our
structural dynamic model. Test B in this paper can be viewed as a causality test from y2 to y1 if we set c0 = c1 = c2 =
0. In DGP2, although the system has a single cointegrating vector, it involves y2 and y3, not y1 and y2. Wald statistics
for test B in this case do not have a chi-square limiting distribution.

C© Royal Economic Society 2007



Lag-augmented least squares estimators 73

−5 0 5
0

2

4

6

8

10

12
OLS

−5 0 5
0

2

4

6

8

10

12
2SLS

−5 0 5
0

2

4

6

8

10

12
3SLS

−5 0 5
0

2

4

6

8

10

12
LA2SLS

−5 0 5
0

2

4

6

8

10

12
LA3SLS

−5 0 5
0

2

4

6

8

10

12
AM2SLS

−5 0 5
0

2

4

6

8

10

12
M2SLS (Parzen, k=0.3)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Parzen, k=0.5)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Parzen, k=0.66)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Tukey–Hanning, k=0.3)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Tukey–Hanning, k=0.5)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Tukey–Hanning, k=0.66)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Quadratic, k=0.3)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Quadratic, k=0.5)

−5 0 5
0

2

4

6

8

10

12
M2SLS (Quadratic, k=0.66)

Figure 1. Histogram of t-statistics of test A. DGP1, T = 200. - - - theoretical, — acutal.
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Figure 2. Histogram of t-statistics of test A. DGP2, T = 200. - - - theoretical, — acutal.
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Figure 3. Histogram of t-statistics of test A. DGP3, T = 200. - - - theoretical, — acutal.
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Figure 4. Histogram of Wald statistics of test B. DGP1, T = 200. - - - theoretical, — acutal.

C© Royal Economic Society 2007



Lag-augmented least squares estimators 77

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

OLS

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

2SLS

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

3SLS

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

LA2SLS

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

LA3SLS

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

AM2SLS

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Parzen, k=0.3)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Parzen, k=0.5)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Parzen, k=0.66)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Tukey–Hanning, k=0.3)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Tukey–Hanning, k=0.5)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Tukey–Hanning, k=0.66)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Quadratic, k=0.3)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Quadratic, k=0.5)

0 5 10 15 20 25 30 35
0

2

4

6

8

10

12

14

16

18

20

22

M2SLS (Quadratic, k=0.66)

Figure 5. Histogram of Wald statistics of test B. DGP2, T = 200. - - - theoretical, — acutal.
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Figure 6. Histogram of Wald statistics of test B. DGP3, T = 200. - - - theoretical, — acutal.
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all variables being integrated of order 1, the OLS estimator of the structural parameters is not
always consistent. The conventional 2SLS and 3SLS estimators are consistent. Some coefficient
estimates of the transformed system are

√
T -convergent and asymptotically normally distributed

while others are T-convergent and involve unit root distribution in the limit. Thus, Wald type test
statistics may not be chi-square distributed. However, when prior restrictions are in the form of
exclusion restrictions and the structural dynamic model has lag order greater than 1, the t-statistics
of individual coefficient parameters remain asymptotically N(0, 1) distributed.

We have also suggested a lag-augmented 2SLS or 3SLS estimator. The resulting estimators
are

√
T -consistent and asymptotically normally distributed. Compared to the 2SLS estimator, the

LA2SLS estimator is likely to be less efficient asymptotically because it ignores some of the prior
restrictions on the model and loses the T-convergent components that appear in 2SLS. However,
in addition to the desirable large sample properties, the LA2SLS and LA3SLS are simple to
implement and have closed form asymptotic covariance matrices. On the other hand, 2SLS and
Phillips–Hansen type modified estimators, although may be more efficient asymptotically, do not
have closed form formulae for their asymptotic covariance matrices.

Monte Carlo studies are conducted to shed light on the finite sample performance of various
estimators. In general, we find that in a small system LA2SLS and LA3SLS have comparable bias
and root mean squared error with the 2SLS and 3SLS. Their actual size is also close to the nominal
size even for moderate T whether the null hypothesis involves single or multiple restrictions while
the two modified estimators proposed by Hsiao and Wang (2006), despite their desirable large
sample properties, do not work very well in small sample.

An alternative approach would be first to test for the rank of cointegration, then impose the
reduced rank condition to derive the limited and full information maximum likelihood estimator.
Unfortunately, even ignoring the issues of unreliability of cointegration rank test in finite sample
(e.g. Ho and Sorensen 1996; Gonzalo and Pitarakis 1999), unlike the case of reduced form reduced
rank models, computationally feasible one stage limited and full information maximum likelihood
estimators that impose the prior cointegrating rank restriction are yet to be derived for the structural
models.
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